Abstract. It is proved that a ring R is a right uniserial, right Noetherian centrally essential ring if and only if R is a commutative discrete valuation domain or a left and right Artinian, left and right uniserial ring. It is also proved that there exist non-commutative uniserial Artinian centrally essential rings. 
Introduction
All rings considered are associative and contain a non-zero identity element. Writing expressions of the form "R is an Artinian ring", we mean that the both modules R R and R R are Artinian.
A ring R with center C is said to be centrally essential if for any non-zero element r ∈ R, there exist two non-zero central elements c, d ∈ C with rc = d 2 Centrally essential rings are also studied in [5] , [6] , [7] , [8] , [9] , [10] , [11] .
Since any centrally essential ring, which is semiprime or right non-singular ring, is commutative (see [5, Proposition 3.3] and [9, Proposition 2.8]), it is interesting to study only centrally essential rings which are not semiprime or right non-singular.
We note that the exterior algebra Λ(V ) of a finite-dimensional vector space V over a field F of characteristic 0 or p = 2 is centrally essential if and only if dim V is an odd positive integer; in particular, if F is a finite field of odd characteristic and dim V is an odd positive integer exceeding 1, then Λ(V ) is a centrally essential noncommutative finite ring; see [7] . Consequently, centrally essential PI rings are not necessarily commutative.
We also note that if Z 2 is the field of order 2 and Q 8 ] is the quaternion group of order 8, then the group ring Z 2 [Q 8 ] is a local finite centrally essential ring which is not commutative, [5] .
It is well known that a commutative domain R is a uniserial Noetherian ring (resp., a uniserial ring) if and only if R is a discrete valuation domain (resp., a valuation domain).
It follows from the above that uniserial Noetherian centrally essential prime rings (resp., uniserial centrally essential prime rings) coincide with commutative discrete valuation domains (resp., commutative valuation domains).
The following theorem is the main result of this paper. Remark. In connection to Theorem 1, we remark that there exist right uniserial right Noetherian rings which are neither prime rings nor right Artinian rings; e.g., see [12, Example 9.10(3) ].
The proof of Theorem 1 is contained in the next section and is based on several assertions, some of which are of independent interest. We give some notation and definitions. A module M is said to be uniserial if the set of all submodules of the module M is linearly ordered with respect to inclusion. A module M is said to be uniform if any two non-zero submodules of M have the non-zero intersection. A module M is called an essential extension of some its submodule X if X ∩ Y = 0 for any non-zero submodule Y of M. For a right R-module M, we denote by Sing M the singular submodule of M, i.e., Sing M is the submodule of M consisting of all elements whose right annihilators are essential right ideals of R.
For a ring R, we denote by J(R), Sing R R , R * and C(R) the Jacobson radical, the right singular ideal, the group of invertible elements and the center of the ring R, respectively. The left annihilator of an arbitrary subset S of is ℓ.Ann R (S) = {r ∈ R | rS = 0}. The right annihilator r.Ann R (S) of the set S is similarly defined. We denote by [a, b] = ab − ba the commutator of the elements a, b of an arbitrary ring; we also use the following well known obvious properties of commutators:
for any three elements a, b, c of an arbitrary ring.
Other ring-theoretical notions and notations can be found in [3, 4, 12] . 
Proof.
2.2.1. Let a 1 , a 2 be two non-zero elements of the centrally essential ring A with a 1 a 2 = 0. There exist non-zero central elements x 1 , x 2 , y 1 , y 2 of A such that a 1 x 1 = y 1 , a 2 x 2 = y 2 . Then y 2 a 1 = a 1 y 2 = a 1 a 2 x 2 = 0. Therefore, the left zero-divisor a 1 is a right zero-divisor. Similarly, the right zero-divisor a 2 is a left zero-divisor.
2.2.2.
Let's assume that the ring A is right uniform and a 1 , a 2 are two non-zero elements of the ring A. There exist non-zero central elements
2.2.3.
By the definition of the right singular ideal, all its elements are left zero-divisors. Conversely, let a be a left or right zero-divisor of the ring A. Then r.Ann(a) = 0 by the first assertion of the lemma; in a right uniform ring, this means that r.Ann(a) is an essential right ideal, i.e., a ∈ B. Now we use Lemma 2.1. For convenience, we give brief proofs of the following two well known assertions.
Let
Lemma 2.4. Let A be a commutative domain which has a non-zero finitely generated divisible torsion-free A-module M. Then A is a field.
Proof. Let's assume the contrary. Then A has a non-zero maximal ideal m and M naturally turns into a non-zero finitely generated module over the local ring R m with radical J = mR m . Since the module M is divisible, we have that MJ ⊇ Mm = M and M = 0 by the Nakayama lemma. This is a contradiction.
Lemma 2.5. Let A be a right uniserial ring and P a completely prime ideal of A. Then N = aN for every a ∈ A \ P .
Proof. Let a ∈ A \ P . Since aA ⊆ P , we have P ⊆ aA. Therefore, for every x ∈ P , there exists an element b ∈ A with x = ab. Since P is a completely prime ideal, b ∈ P and x ∈ aP . Proposition 2.6. Let A be a right uniserial, right Noetherian, centrally essential ring. Then A is either a commutative domain or a right uniserial, right Artinian ring.
Proof. We set N = Sing A A . The ideal N is nilpotent; e.g., see [12, 9.2] . It follows from Lemma 2.2(3,4) that the ideal N is completely prime and contains all zero-divisors of the ring R and the ring A/N is a commutative domain. Therefore, the proposition is true for N = 0. Now let N = 0. We denote by n the nilpotence index of the ideal N. Lemma 2.7. Let A be a local ring and let J(A) = πA for some element π ∈ A of nilpotence index n (maybe, n = ∞). For any two integers k, ℓ and each a, b ∈ A such that k,
Proof. It follows from the inclusion Aπ ⊆ πA that ab ∈ π k+ℓ A. If π m ∈ π m+1 A for some m ≥ 0, then it is clear that π m (1 − πt) = 0 for some t ∈ A and π m = 0, since 1 − πt ∈ A * . We set a = π k r and b = π ℓ s for some r, s ∈ A\J(A). Then r, s ∈ A * , since the ring A is local and rπ ℓ ∈ π l A\π ℓ+1 A. Consequently, rπ = πr ′ for some r ′ ∈ A * and ab = π k+ℓ r ′ s. It remains to remark that ab ∈ π k+ℓ+1 A, since r ′ s ∈ A * and π k+ℓ = 0. Proof. Let A be a right uniserial, right Artinian, centrally essential ring, N = J(A), and let n be the nilpotence index of the ideal N. If n = 1, then the ring A is commutative by Lemma 2.2(3,4); it is nothing to prove in this case. Any right uniserial ring is a local ring; therefore, every element of A\N is invertible. Let n > 1, i.e., N = 0. Since a right Noetherian (e.g., a right Artinian) right uniserial ring is a principal right ideal ring, N = πA for some element π ∈ N. There exist two elements x, y ∈ C(A) with πx = y = 0. Proposition 2.9. Let F be a field and let D 1 , D 2 : F → F be two derivations of the field F with incomparable kernels (for example, we can take the field of rational functions Q(x, y) in two independent variables as F and set D 1 = ∂/∂x, D 2 = ∂/∂y).
Then for every positive integer n ≥ 2, there exists a non-commutative uniserial, Artinian, centrally essential ring A such that A/J(A) ∼ = F and the nilpotence index of the ideal J(A) is equal to n.
Proof. We use a construction which is similar to the one described in [2] . Let N = 2n − 1, R = M N (F ) be the matrix ring of order N over the field F , e i,j denote the matrix unit for any i, j ∈ {1, . . . , N}, and let f : F → R be the mapping defined by the rule
for every α ∈ F , where E is the identity matrix. Let A be the subring of the ring R generated by the set f (F ) and the matrix π =
for any α, β ∈ F . It follows from these relations that πA = Aπ = J(A),
. . , n − 1 and πA ⊆ C(A). It is clear that A is a uniserial Artinian ring. If a ∈ A \ {0} and a ∈ πA, then a ∈ C(A); otherwise, aπ n−1 ∈ C(A) \ {0} and X n−1 ∈ C(A). Consequently, the ring A is centrally essential. i.e., the ring A is not commutative.
2.10.
Completion of the proof of Theorem 1. The first assertion follows from Propositions 2.6 and 2.8. The second assertion follows from Proposition 2.9.
2.11. Remark. It is known that if R is a right noetherian right uniserial ring and n≥0 J(R) n = 0, then R is not left noetherian and R is not left Ore; see for instance Proposition 3.7 in [1] . As a corollary, n≥0 J(R) n = 0 for every noetherian right uniserial ring. Also, n≥0 J(R) n = 0 for every uniserial right noetherian ring. These results are related to Theorem 1, and to several results in Section 2.
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